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Abstract 

We study congruences involving truncated hypergeometric series of the form 
r F r _i( ly ^;";i /2 ; A)( mpS _i)/ 2 = J2k^o ~ 1)/2 ((l/2) fc /£;!) r A fc where p is a prime and m,s,r 
are positive integers. These truncated hypergeometric series are related to the arith- 
metic of a family of algebraic varieties and exhibit Atkin and Swinnerton-Dyer type 
congruences. In particular, when r = 3, they are related to K3 surfaces. For special 
values of A, with s — 1 and r = 3, our congruences are stronger than what can be 
predicted by the theory of formal groups because of the presence of elliptic curves with 
complex multiplications. They generalize a conjecture made by Rodriguez- Villegas for 
the A = 1 case and confirm some other supercongruence conjectures at special values 
of A. 
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1. Introduction 

The hypergeometric series r F r -i is defined as 

a u a 2 ,---,a r . x \, ._ ( {a 1 ) k {a 2 )k • \ ^ 



( a u a 2 , - ■ ■ , a r \ >r-^ / 



k\{h) k {b 2 ) k ■ ■ ■ (6 r _ 



where [a)k '■= a(a + 1) ■ • ■ (a + k — 1) and none of the fc; is a negative integer |5|. The 
truncated hypergeometric series r Fr-i{ b" 1 .'-, , 6^1 ' ^)™' ^ s ^ ne degree n polynomial in A 
obtained by truncating the hypergeometric series to the sum from k — to n. 

In this paper, we study the arithmetic of F r (X) n := r F r —i{ V '"'f ; A) n ; these values 
are related to the varieties X r {\) : W 2 = X 1 ■ ■ ■ X r (X 1 -X 2 ) ■ ■ ■ (X r -i—X r )(X r — XXi), 
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which generalize the Legendre family of elliptic curves. In terms of counting points, 
Deuring's argument [H3, pp. 255] yields that for any A G F p , 

#A;(A)(F P ) = F r (A) p _! = F r (\)p=i (mod p). 

In particular, when r = 3, ^(A) is a family of K3 surfaces that has been studied 
in 1, 18], denoted by S\ = X 3 (X). Over an arbitrary finite field F containing A, 
Ahlgren, Ono, and Penniston showed that #(S\/F) can be computed using points on 
E\ : y 2 = (x - l)(x 2 - y 1 ^) over F [3]. By Dwork [l2[, for any A G Z p such that 
F r (A) p _i 7^ (mod p) (i.e. p ordinary for X r (X)) and for any integer m > 1, 

^(A^-i = 7(A)i 71 r(A p ) mp3 -i_i (modp s ) (1) 

for a p-adic unit 7(A) which is independent of m, but may vary if A is replaced by A p . 

Theorem 1. Let p be an odd prime, A G Z p such that ^(A) has good ordinary reduc- 
tion at p. Then £(r) = Y^n>i ^"i+i" t 2u+1 is the logarithm of a formal group over Z„ , 
which is isomorphic to a formal group attached to X r (X) constructed by Stienstra \2w . 
When r = 3, for all integers s > 1 and m odd 

Fz(X) m P s-i = (- — -J a PjX 2 F 3 (X) rnpf-i-i (mod p s ), 
2 \ V J — a — 

with a Py \ being the unit root of X 2 — [p + 1 — #(E\/W P )\X + p = 0. 

At special values of A such that E\ has complex multiplications (CM), stronger 
congruences have been observed. These congruences are known as supercongruences. 
Rodriguez-Villegas conjectured several supercongruences involving truncated hyperge- 
ometric series in 



24i | . including the following: for odd primes p, 



1 1 1 



F 3 {l) s =i= 3 F 2 [ 2 \ 2 \ 2 ;1) =b p (modp 



where 6 P is the pth coefficient of the weight 3 cusp form ?7(4z) 6 , where r)(z) = g 1//24 n^Li(l — 
q n ) with q = e 2mz , is the eta function. The A = 1 case was proved by Van Hamme in 
|32l 1996] and by Ono in 23|, 1998], using different methods. 

Similarly, Z.-W. Sun conjectured (see remark 1.4 in [29)]) a congruence for the A = 64 
case: 

fl\ \ 3 

,2)* 



3 F 2 ( 5.^5 ; 6 4^ ^ = (^j (64) fe = a p (mod p 2 ) 



2 fc=o 



where a p = if p = 3, 5, 6 mod 7 and a p = Ax — 2p where p = x + 7y , x, y G Z, if 
p = 1,2,4 (mod 7). In fact, this a p is just the pth coefficient of rj(z) 3 rj(7z) 3 . 
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Theorem 2. Let A ^ 1 be an algebraic number such that E\ has complex multipli- 
cations. Let p be a prime and E\ have a model defined over 7L V with good reduction 
modulo pZ p . Then 



3-^2 



1/2, 1/2, 1/2 



A 



2 



P-1 
2 

E 

k=0 



where a Pt \ is the unit root of X 2 — [p + 1 - 
p; and a P) \ = if E\ is supersingular at p. 



.2)* V \k - 

jr) = 

#(E X /W P )}X 



A 



P 
p 



(mod p 1 



if E\ is ordinary at 



Our result confirms the Conjecture of Sun mentioned above. We conjecture that the 
statement of Theorem [1] is true modulo p 2s when E\ has CM. 
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The hypergeometric series 3F2 ( 2 '^ 2 ^ 2 ; A J , when not truncated, gives an expres- 



sion for the real period of the elliptic curve E\ as McCarthy shows in 20 
We derive the following corollary to Theorem |2] in section £JH 

Corollary 3. Let be the harmonic sum Y^=i J- If E\ is a CM elliptic curve, then 
for almost all primes p such that A embeds in Z p; 



p-i 
2 

E 

i=0 



x \P~ 1 



lit) 



P 



(mod p) . 



Below is one simple, special case of these congruences for A = 64. 
Corollary 4. For all primes p > 3, we have 



E 

i=l 



3 i 



E— 



(modp). 



(2) 



In general, such congruences are difficult to prove. For similar work, see [H, 0|. 
Remark 1 of 19] reduces an open supercongruence to a congruence like (J2]). 

We end our introduction with another motivation for super congruences. It is known 
that the coefficients of weight-/c noncongruence modular forms satisfy the so-called 
Atkin and Swinnerton-Dyer congruences [y, |25( . These congruences are supercongru- 
ences if k > 2 25] and have played an important role in understanding the characteri- 
zations of genuine noncongruence modular forms 17 . 
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2. Atkin and Swinnerton-Dyer congruences of a family of truncated hyper- 
geometric series 

The Hasse invariants of the Legendre family of elliptic curves L\\ y 2 = x(x — l)(x — 
A)) are A P (X) = (-1)^^ ^J 1)/2 {"ffx and 

A p (A) = [p+l-#L A (F p )] = (-l)^- 1 )/ 2 2 F 1 f *\*;\) (modp) 



1 1 



where 2*1 ( 2 ^ 2 ;A ) is the unique-up-to-scalar, holomorphic-near-0 solution of the 



Picard-Fuchs equation of L\ (see |8|]). In [121 ]. Dwork proved that when A P (X) ^ 
(mod p), i.e. when L\ is ordinary at p, 







2 Pi 






1 1 


2*1 ( 


2' 2 
1 



;A 



Af 



7 P (A) (mod p s ) 



where 7 P (A) is a p-adic unit which usually varies when A is replaced by X p . If A = A p , 
the limit is (^j-J &pi where (3 p is thep-adic unit root of T 2 — [p+1 — #(L A /F p )]T+p = 0. 
When L\ has CM, the 7 P can often be obtained via Gauss sums and Jacobi sums. Yu 
has further extended Dwork's results to Dwork families of algebraic varieties 31 



We now compare Dwork's result with what can be predicted from Atkin and 
Swinnerton-Dyer congruences. Let P n (x) denote the nth Legendre polynomial, which 
can be defined by P n (x) = 2^T^^( a;2 — i) n 0,B |28| . These polynomials form an impor- 
tant class of orthogonal polynomials and have several nice properties; but the fact most 
relevant to our application is that they have generating function (1 — 2xt + t 2 ) -1 / 2 = 
S^Lo Pn{x)t n . Because of this, special values of P n (x) show up in certain expansions of 
differential forms on elliptic curves. The first few Legendre Polynomials are Pq(x) = 1, 
Pi (2) = x, and P 2 (x) = |(3x 2 - 1). 

For elliptic curves of the form S : y 2 = x(x 2 + Ax + B) defined over Z p with t = x/y 
as a local parameter at the point at infinity (where t has a simple zero), Coster and 
van Hamme showed that the coefficients of the t-expansion of the invariant differential 
form — ~ of £ are essentially just special values of Legendre Polynomials (see formula 
(1) of [9j). In particular, for L\ : y 2 = x(x — l)(x — A), 

-| = E^(^)(A-l)^ +1 f- (3) 

y fc=0 



we 



For k > 0, letting a 2 k+i = Pk (tzt) — an d using formulas (5) and (6) in 33 
have 

a 2fc+ i = 2 F 1 (~\~ k ';\)(-l) k = 2 F 1 (^ 1 1+fe ; ^)(A - l) fc . (4) 
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Note that these are terminating hypergeometric series; i.e. degree k polynomials of A, 
because of the —k argument. 

The Atkin and Swinnerton-Dyer congruences (ASD) for elliptic curves (Theorem 4 
of jsj) imply that if A embeds in Q p and L\ has good reduction modulo p, then for all 
positive integers m, s, 

a mp s+i — A p a mp s + pa mp s-\ = (mod p s+1 ) (5) 

where A p = p + 1 — #(L\/F P ). We define to be if k is not integral, as may happen 
for the final term if s = 0. The factors of (— l) fc and (A — l) k can be omitted from the 
expressions fll]) for if we adjust the middle coefficient of the ASD congruence by the 

Legendre symbols J or j , respectively. 

Essentially, the ASD congruences say that for fixed p and m, terms of the sequence 
{a mp s} satisfy a three-term congruence with increasing p-adic precision as s increases. 
The ASD congruences generalize the Hecke recursion: Fourier coefficients a n of weight 
k = 2, normalized Hecke newforms with trivial nebentypus satisfy the three-term 
recursion, for all m, s > 1 and all p, 

a mp s + 1 ~ o, p a mp s + pa mp s-i = 0. (6) 

In the ASD congruences for an elliptic curve S, we distinguish two cases. If the 
middle coefficient A p is divisible by p, we say that £ is supersingular at p or simply that 
p is supersingular. Otherwise, we say £ is ordinary at p or that p is ordinary. Dwork's 
congruences, in which consecutive ratios of certain terms in a sequence converge to a 
p-adic limit, are related to ASD congruences at ordinary primes. At ordinary primes, 
let /3 PtX be the p-adic unit root of T 2 - [p + 1 - #(L A /F P )]T + p. Then the ASD 

congruences imply that — - — = (3 Pi \ (mod p s ). Note that a% — 1, so the s = 1 case of 

d p s — 1 

this congruence is just a p = (3 PjX (mod p). 

Thus, at all ordinary primes p of L\, we obtain congruences for hypergeometric 
functions using the expansions given in @) with k = 



(i^-,i±f- ;A 



S-l 



1 



(3 PtX (modp s ). (7) 



The twist by the character accounts for the factor (— l) k in the first equality 

in ((I]) and for the change of argument from to A and the factor (A — l) k in the 
second equality in (HD- lj 



1 Thc curve is isomorphic to the twist of L\ by Combining this with the factor of 



(A — l) k , we get a twist by ( -y- 
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Both the Hecke recursion and ASD congruences are related to formal groups. Any 
sequence of p-adic integers a n with a\ being a p-adic unit satisfying the congruences (jSJ) 
can be used to construct a formal group law F(x, y) := £~ 1 (£(x) + £(y)) G Z p [[x, y]} with 
formal logarithm £(x) = Yl^=i ^x n . Note that the power series £{x) and £~ l (x) have 
denominators with arbitrarily large powers of p in general; it is the congruences (151) 
that guarantee that the composition F(x, y) has no denominators of p. Details can be 
found in [llj or other formal group theory references; specifically, the p-typification of 
£~ 1 (£(x)+£(y)) is isomorphic over Z p to a formal group law with F p -type F v = {A p }—V p , 
where F p is the pth Frobenius operator, {A p } is a Hilbert operator, and V p is the pth 
Verschiebung operator in the Cartier-Dieudonne module. (This integer A p corresponds 
to the eigenvalue of the pth Hecke operator; recall that the Hecke operator is just the 
sum of the Frobenius and Verschiebung operators on the space of congruence cusp 
forms.) 

In fact, in the ordinary case, when a p ^ (mod p), our formal group is isomorphic 
to one with F p -type F p = {f3 p }, where j3 p is a p-adic unit. This fact corresponds to 
the congruences a mp s = f3 p a mp s-i (modp s ), which account for the many congruences 
we consider for expressions of the form apS . Dwork's congruences, in which the 

&pS — 1 

denominator involves X p instead of A, correspond to a formal group law over Z P [A], 
which is isomorphic over Z P [[A]] to a formal group law with F p -type F p = {7 P (A)}, for 
some 7 P (A) G Z P [[A]]. Dwork's formal group law can be specialized to many different 
formal group laws over Z p by choosing suitable A G Z p (as we show in Proposition EJ), 
but the F p -type cannot be specialized by substituting the value of A in 7 P (A), because 
the Hilbert structures on Z p [[A]] and on Z p are incompatible!! So, even though the 
many specializations of Dwork's formal groups are all isomorphic over Z p as long as A 
(mod p) is fixed, Dwork's congruenes give different limits 7 P (A) for these A. When we 
omit the pth. power from the denominator, we obtain the same limit (—)Pp for all A 
with A (mod p) fixed. Note that 7 P (A) = {=j)P p if A = X p . 

The perspective of formal groups motivates our approach to congruences and su- 
percongruences of hypergeometric functions; many of the congruences found in the 
literature seem to be initial cases of the ASD congruence structure. In fact, our second 
theorem appears to be the very first case of an ASD congruence; in Conjecture [91 we 
suggest that infinitely many more congruences hold. 

Recall F r (A)„ := r F r ^ ( 1/2 ' l { 2 ' ' ' X { 2 ; A 



2 Dwork's congruences make use of the endomorphism t of Z P [[A]] sending /(A) to /(A p ). This 
endomorphism satisfies r(/(A)) = /(A p ) = f{X) p (mod p) for all /(A) € Z P [A] and is a ring endomor- 
phism, so it gives a Hilbert structure to formal group laws over Z P [[A]]. On Z p , however, we must use 
the identity endomorphism t, which also satisfies i(x) = x = x p (mod p) for all x G Z p . This is not 
compatible with a specialization of r unless we choose A satisfying A = A p . 
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Proposition 5. Let p be an odd prime and A(n) be a sequence of numbers in Z p such 
that A(0) is a unit, and suppose the following three conditions hold, 
a) For all n,m,s G Z +; 

A[n + mp s+l ) _ A(n) f s+1 



A(W+mp°) Am) 



(mod p s 



b) For all n G Z+, A(n)/A([*\) G Z p . 

c) A(i) = (mod p) for all ^ < i < p. 

Then for any igZ p such that XX=o A(i)x l ^ (mod p), there exists a p-adic unit 
a, depending only on x (mod p), such that for any odd integer m 

mp s — 1 



mp s 1 — 1 



E,=o 2 A(i)a* 



where d m = max s > ( ord p (^ i= J A{i)x 



mp — 1 



mp -1 



The proof implies that d m is finite, unless X^=o 2 A(i)x l = for all s. Also, if 

mp — 1 



Si=o A{i)x % ^ (mod p), then d m = 0; note that d\ = 0. 

PROOF. Compare to Theorem 2 of Dwork; we assume A(n) = Bin) (see Dwork's 
notation) and we add condition c), which will allow us to go use sums to mp ~ 1 instead 



of to mp s — 1. Let F(x) = ^2i> A(i)x l . Taking the sum of congruence (2.1) in 12 
from m = to m = n, we have 

(n+l)p s -l (n+l)p s+1 -l 

F(x) Y A(j)x pj = F(x p ) Y A 0V mod p s+1 Z p [[x}}. 

3=0 3=0 

Under the additional assumption c) and the argument of Dwork (Theorem 2), we 
can obtain that for all integers n, s > 

(n+l)p s -l (n+l)p s+1 -l 

F(x) Y A(j)x pj = F(x p ) Y A 0V mod p s+1 Z p [[x}}. 



(For full details and notation, please see |12|.) If we subtract the congruences above, 
we obtain 



mp" — 1 

2 



F{x) Y A (f) xPj = F ( xP ) Y A ^ x3 ™d p s+l Z p [[x\] 

3=0 3=0 



where m = 2n + 1 could be any odd number. 

For fixed m, we divide congruence (jHJ) for consecutive s, obtaining 



mp — 1 



Et tL = ^-^^ nrodp^Z p [[x]]. (9) 

Consequently, the left-hand side, when viewed as a formal power series of the form 
E n >o a n,s+i% n , satisfies that p s ~ dm | a„ iS+ i if p \ n. Iterating this idea, we have 

mp 8 ^ 1 — 1 mp s — 1 mp s — 1 — 1 

s,=o; s,4 ^ a®* moipM „ z[[x]l 

mp s - 1 mp s-l_ 1 mp 3~2_ 1 f p L L 11 

E, =0 2 a(<)x< z l= o 2 m^ p E,=o 2 ^ 

So ps-i-dm | a njS+ i if p 2 \ n. By induction, p s - l - d ™ | a njS+ i if p 1+l f n. 

Using this, we show that the left hand side of (jUJ), for fixed m and s, is determined 
modulo p s+l - d ™ by A (mod p), provided that Ef=o Afyx 1 ^ (modp). Note that 
condition b) then implies that EiLo 1 A(i)x l is a p-adic unit for each s. We show that 

mp s+1 -l 



Ei=o A(i)x' ZiJ A(i)(x + pk)' „>o 

is congruent to modulo p s+1 ~ dm for any k G Z p . Writing n = p e n' with p { n', 
then p s - e ~ d ™ | a njS+ i by the paragraph above, and x n — (x + p/c) n = mod p e+1 so 
ps+i-dm | a n>8 +i(x n — {x + pk) n ) term by term. 

Since x = x p (mod p), for fixed x such that E?=o A{i)x l ^ (mod p) we can 
replace congruence © with 

mp 3 — 1 



E l=0 2 E i=0 2 modpS - dm . (10) 



mp s i — 1 



E, =0 2 A(i)a* E 4 =o 2 



mp -1 



thus there is some a£Z„ such that = a (mod n s ~ dm ). 

f mp s L — l y L / 

To see that this limit a is independent of m as long as x (mod p) remains fixed, 
we rearrange congruence flS]) to obtain, for any odd m, 

mp s — 1 p s — 1 

= ^I-Vi = ^fe (mod *%[[*]]). 

[ ] E,=o 2 E,=o 2 A(i)x* 
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We may choose x to be the Teichmuller lift of x, so that x = x (mod p) and 

mp'-l p s -1 

= x. Then £»=o A ( z )^ = E»=o / d Th th u it 

E,=o 2 A(t)aB* E i= o 2 A{%)& 
a is independent of m. 

( (-)n\ r I h 

Now take = ( -^f- J for any integer r > 1. It follows from [12j, a), b) and c) 

of the above hold. Then Ej=o ^C/) 3 '"' = ^Wh' 

Theorem 6. For any positive integer r, odd prime p, and X G Z p such that F r (X) p-i ^ 
(mod p), i/iere is a p-adic unit a r , such that for all integers s > 1 and m odd 

F r (X) mp s -l 

2 = a r (mod p s ~ dm ). 



F r (X) 



mp s 1 — 1 



Moreover, the formal group with logarithm En>o ^i+i" T 2n+1 isomorphic over Z p to 
tfie /ormal oro^ if -1 ^, G m;Xr ) where X r (X) : W 2 = X X X 2 ■ ■ ■ X r (X 1 - X 2 )(X 2 - 
X^)---{X r -XX 1 ). 

Proof. From the previous proposition, we know the first claim holds. Let £(r) = 
J2 n >o ^T r2n+1 - lt follows that the formal group law £ 1 (£(x) + £(y)) is integral at 
V- 

By Theorem 2 of 26], there is a 1-dimensional formal group H r ~ 1 (X r ,G mi x r ) with 
logarithm £ %^r 2 " +1 where fe^A) = r F r _! f ~^ ' ' ' ' ~ n ; (-l) r AJ . By an 
observation of Koblitz 15 , we know 



,. ^r,A.(mp s -l)/2 a r,X,(mp a -I) 12 

hm ' — — = hm — ^— - — — = a r E Z. 

S ^°° "r,A,(mp'>- 1 -l)/2 S ^°° a r,A,(mp s - 1 -l)/2 



which implies that both formal groups are isomorphic over Z p to a formal group law 
with Fp-type F p = {a r }, and thus are isomorphic to each other over Z p . 

(When r = 3, A = 1, these formal groups are also isomorphic to a formal Brauer group 
constructed in 271] . ) 

In fact, we expect this formal group law to be integral at every prime except 2 and 
all prime places p such that val p (A) < 0, but the integrality at all ordinary and inert 
primes follows immediately from Theorem [6j 
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3. Supercongruences 

Any formal group law with logarithm £(x) = Y2 n >i ^x n that is integral at p and 
that has finite F p -type satisfies an infinite family of congruences, which express a m ps as 
a linear combination of lower- index coefficients a n modulo p s . Many of the congruences 
for hypergeometric series can be seen from this perspective; however, the congruences 
are often much stronger, giving a formula for a mp s modulo p 2s , p 3s , or even p As or 
more. Such congruences, that are stronger than what are predicted by the existence 
of a formal group, are called supercongruences. One source of supercongruences are 
ASD congruences of Fourier coefficients of cusp forms with weight k > 2; these exhibit 
congruences of order p( k ~ l ^ s 25j. We are interested in another source of supercongru- 



ences: extra symmetries of the underlying variety, such as complex multiplications of 
the elliptic curves. 

Here is a well-known example of a supercongruence. Beukers conjectured that for 
all odd primes p 



4-^3 



/ 1-p \-p 1+p 1+p \ 

( 2 ' ' 2 ;l) =c p (modp 2 



where the left hand side is the 2=±th Apery number Ei=~ 1)/2 ( (p " fc 1)/2 ) ( (p ~T +fe ) and 
c p is the pth coefficient of the weight-4 modular form r](2z) 4: r](Az) 4: ; this was proved 
by Alhgren and Ono [2J. Ahlgren and Ono's approach uses Gaussian hypergeometric 
functions (see j2j and |22l. Chapter 11]) and has inspired much later work including 
Kilbourn's result ([l6[) that for all primes p > 2 



1111 



■ 1 ) = c p (mod p 6 

(P"l)/2 



We would like to understand when we should expect supercongruence for our trun- 
cated hypergeometric series and have a better understanding for r = 2 and 3 cases by 
using the following theorem of Coster and van Hamme. 

Theorem 7 (Coster and van Hamme, |9]). Letp be an odd prime and d a square- 
free positive integer such that (— ) = 1. Let K be an algebraic number field such that 

\/—d G K and K C Q p . Consider the elliptic curve 

S : Y 2 = X(X 2 + AX + B) 

with A,B G K, where A and A = A 2 — 4B are p-adic units. Let u and u' be a basis 
of periods of £ and suppose that r = lo'/lo G Q(V — d), t has positive imaginary part. 
Let tt, 7f G Q(V — d) be complex conjugates such that lift = p, with n a p-adic unit, 
7r = ui + V\T, and nr = u 2 + v 2 t with Ux,Vi, u 2 , v 2 integers and V\ even. Then we have 

A ^ e^' 1 ■ tt ■ P mp r-^ ( -4=) (mod 7r 2r ), (11) 
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where m and r are positive integers, with m odd, and e = i u ^ +v ^+p 2 ; where P n {x) 
is the nth Legendre polynomial. 

Note that the assumptions imply that £ has CM, A = 3p(^u), a/A = p{\u' + \uS) — 
p(-cu'), where p{z) is the Weierstrass p- function. The technical details such as A 

r — 1 

and D being p-adically integral are always satisfied in our cases, and e mp is just a 
quartic character, which we can explicitly identify. The main point of the theorem 
is the existence of supercongruences arising from an elliptic curve £ with CM. While 
Coster and van Hamme interpreted the congruence as inclusion in an ideal of the ring 
of integers of K, we interpret all of our congruences p-adically and simply replace 
(mod 7r 2r ) with (mod p 2r ). 

Thus, for CM curves L\, we can double the strength of the congruences (171). The 
factor (A — l) k from the formulas (j3J) and ([3]) only shows up as a quadratic character 

mp s —mp s / \ 

in the congruences (J7J), because (A — 1) a = f^p) (modp s ); however for 

supercongruences modulo p 2s , it must be included. If A is a CM value for the family 
E\, then at ordinary primes p, for all m, s > 1 with m odd, we have 

/ l-mp s l—mp s \ 

2 -Pi ^ 2 ' 2 ; A J 

(A — 1) 2 /3 p ,a 2^1 2 • — 2 ; A (mod p 2s ) 



and 



2 



P 



^i ( 2 ^ 2 ; AJ = I — I /3 PiA 2 F 1 y 2 ^ 2 ; AJ (mod p J 



When m = s = 1, we have 



p— 1 p— 1 



,16/ ^ V fc / V Jfe 

fc=0 v / \ / fc=o 



2^ 



A 



P 



These generalize the supercongruences in [?J with A = 2 and as well as one of Morten- 
son's supercongruences with A = 1, in which L\ degenerates 21 . 

Theorem [2] relates values of the truncated hypergoemetric function F$(X) n to the 
family of K3 surfaces S\ : z 2 = xy(x — l)(y — l)(x — \y) and the family of elliptic curves 
E x : y 2 = (x - l)(x 2 - ^). Let A p {\) = #S x (W p )-p 2 - 1. Then F-^X)^ = A p (X) 
(mod p). The variation of the complex structure of the family S\ of K3 surfaces is again 
depicted by its Picard-Fuchs differential equation, which is projectively equivalent to 



11 



the symmetric square of the Picard-Fuchs equation of E\\ y 2 = (x— l)(x 2 — [l8[] . In 
terms of arithmetic, if we let a p (X) = p+ 1 — #E\(F P ), then A P (X) = ( ) (a p (A) 2 — p) 

a. 

Specializing formula (1) of joj to E\ and using uniformizer t = as a local 
parameter at the point at infinity, we obtain the expansion 



The coefficients of this differential form on E\ satisfy ASD congruences, but our interest 
is in supercongruences for hypergeometric functions 3F2, which we obtain using Z.-H. 
Sun's identity (1.7) H (with x = -\) 

£(?)'("» 

With the identity 



3^2 



Fo 2' " 



1 i-n i+n \ ^ (2k\ 2 fn + k\ (— A x 1 



k=0 



along with Theorem [TJ we obtain the following supercongruences. 

Proposition 8. For CM values A of the family E\ : y 2 = (x — l)(x 2 — such that 
A G Z p and p is ordinary, for all positive integers m and s with m odd, 

/ 1 1 — mp s 1+mp 3 
3 F 2 y 2' 2^| 2 ; A 



A — 1 \ o\ I 1 l—mp s 1 1+mp 



o«-l 



«p,a I 3-^2 I 2' 2 i > 2 ; A I (mod p ) 

where a P: \ is the unit root of X 2 — [p + 1 — #(E\/W p )]X + p = 0. 

Turning our attention to Sa and the sequence F 3 (A) n , we use the congruence 
(% +k ) = (^) fc ( 2 fc fc ) (mod p 2 ) and the equality = ( 2 fc fc )^ in flU to obtain 

F 3 (A)^:= 3 F 2 ( 1/2 ' 1 / 2 ' X ( 2 ;A^ i e? ¥ (^) 2 (modp 2 ). 

Notice that this can also be obtained directly from Clausen's formula expressing certain 
values of 3F2 as the square of values of 2-^1- 
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Proof of Theorem El We begin by observing that 



P ( \/l — A^ ~ I ^ (mod p) if p is supersingular 

V" V / ~~ 1 sa Pj \ (mod p 2 ) if p is ordinary 

where e is a fourth root of unity. The congruence in the supersingular case is just 
the first instance of the standard ASD congruences. Since we are assuming A is a CM 
value of Ex, we have super congruences at ordinary primes by Theorem [71 By the ASD 
congruences, we may conclude that e is the fourth root of unity in Q p , or possibly in its 

unramified quadratic extension, that is congruent to ^ n/1 2 ~ A J 2 modulo p. Squaring 
these congruences for P P -i — A) immediately yields Theorem [2j 



3-^2 



Many of the intermediate statements in this argument involve choosing an embedding 
of y/l — A in Q p or its unramified quadratic extension, but this choice does not affect 
the square of the congruence. 

We note that this establishes, modulo p 2 , all cases of Conjecture 5.2 of 29( by Z.W. 
Sun. These conjectures can be written as 



2 



V ( 1 ( — 1 =<\P) (4 ° 2 _ (m0d ^ ^ = 1 Where ° 2 +Db2= P 

f^ \k) \64j "\o P (modp 2 ) if(i) = -l 



with appropriate choices of .D G Z + and character f - J. Note that ^ fc :i ( 2 fc ) (^) = 

111 \ 33 

2 ' 2 ' 2 ; A ) via the identity ^3 fc = ( 2 fc fc ) gfs-- These conjectures address the 



A-values A = —8, 1, — |, 4, |, 64, i, —1, which are all of the CM values for E x over Q, 
as verified in with the exception of the degenrate case A = 1, for which Ex is not 



an elliptic curve. The supercongruence for A = 1 was proved by Van Hamme in [32 



and by Ono in [22 



If Ex has CM over K = Q(v — D), then the attached 2-dimensional representation 
p decomposes into 2 Grossencharacters when p is restricted to Gal(Q/ K). Then at 
splitting primes p, which are precisely the ordinary primes of Ex, the trace of the 
Frobenius is A p = a p + j3 p , where both a p and j3 p are in the ring of integers of the 
quadratic field K and have the same absolute value y/p. In the case that K has class 
number 1, (all Sun A values correspond to class number 1 cases), then ideals (a p ) 
and (/3 P ) are the two distinct prime ideals above p. That is, a p = a + by/—D and 
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(3 P = a — by—D = where a and b are integers or half integers depending on 
p = 1 or 3 (mod 4), such that a 2 + b 2 D = p. Our congruences involve a 2 , which is just 
a 2 - Db 2 + 2abV^D- Using /3 2 = a 2 - Db 2 - lab^f^D = (mod p 2 ) and a 2 + b 2 D = p, 

we have a 2 = 4a 2 — 2p (mod p 2 ), which, along with the character (j^TJi * s the target 
of Z.-W. Sun's congruences. In the supersingular case, we simply have a p = 0. 

Alternately, we note that Ono has explicitly identified the values a p , for all CM 
curves E\ with A G Z, in Theorem 6 of j22|. These values a p determine the formal group 

structure and the ASD congruences (i.e., that a p = {^-^j a 2 {mod p))\ combining 

this with Coster and Van Hamme's super congruences gives another proof of Sun's 

conjectures, that a p = {^y^ a 1 (mod p 2 ). 

Note that we have established just the first interesting supercongruence for the 

/i i i \ 

truncated hypergeometric functions 3 F 2 ( 2' 2' 2 ;A) when k = p; we have con- 

V i, i J — 

gruence modulo p 2 where the standard ASD congruences only guarantee congruence 

modulo p. However, when A G Q is a CM value, these congruences actually appear to 

hold modulo p 3 for odrinary primes p. Further, we expect the whole infinite family of 

/ill \ 

supercongruences to hold for 3 F 2 ( 2> 2' 2 ; A J p _ 1 : 

Conjecture 9. For CM values A of the family E\ : y 2 = (x — l)(x 2 — such that 

A G Z„ and p is ordinary, for all positive integers m and s with m odd, 



3-^2 



111 

2' 2' 2. \ 

1 1' 



(^K^M'' \ f;A)^ (mod/*) 
where a P: \ is the unit root of X 2 — [p + 1 — #(E\/¥ p )]X + p = 0. 
4. Corollaries 

An idea of Gessel for dealing with the supercongruences of the Apery numbers 



4-^3 



— n, — n, 1 + n, 1 + n \ ( n \ fn + k 



1, 1, 1 ' J ^— ' \k \ k 

k=0 



2 h 2 

is as follows. He identified the auxiliary sequence b n = 2 J2k=o © ("£ ) (-^n+fc~-^n-fc)' 
where H k is the harmonic sum ^ 7 =i ^> an d showed that c^+pn = (c k +pnb k )c n (mod p 2 ) 



0=1 3 ■ 

where < k < p 13]. Using the idea of Ishikawa 14 1, we take k = n = 



2 

It follows that when C( p _i)/ 2 ^ (modp), we have the supercongruence c^_iy 2 1 
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c Ip~i)/2 ( m °d p 2 ), since 6(p_i)/2 = (mod p) from the p-adic properties of Harmonic 
sums. In [5g], Ahlgren and Ono also need an entity similar to fc( p _i)/2 to be zero modulo p, 
which they established using a binomial coefficient identity proved by the WZ method 

In the above examples, supercongruences of a sequence c n were shown to be equiva- 
lent to congruences of an auxilliary sequence b n ; and the congruences for b n were proved 
using whatever method applied in each case. Similarly, the super congruence in Theo- 
rem [2] for the sequence a n = Y^a=q (T) (<Pl) 1 * s equivalent to the auxiliary congruence in 
Corollary [3] for the sequence b n = £™ =0 (^f '{±) l {6{H 2i - H,) + (A/64) p P ~ 1 ~ 1 ). However, 
we proved our supercongruence using the theorem of Coster and Van Hamme, and 
thus obtain our auxilliary congruence. We know of no direct proof of Corollary [21 we 
expect a proof for each fixed individual A might require some combinatorial identity 
and additional intelligent guesses of WZ pairs to prove the identity, see [l[ 0]. 

Lemma 10. For the sequence a n = ^™ =0 ( 2 /) 3 (^)*j we introduce the auxilliary se- 
quence b n = Ya=Q ( 2 /) 3 (^)*(6(-ff2i - Hi) + ( A /64)J ^ ^ prime ^ any £ 



with < k < P; and any n, 

a k+pn = a k a n + pb k ^ i (^^j ^ J (mod p 2 ). 

n 

Proof. Notice we can write a k+pn — a-k^n as the telescoping sum T kyi) where 

i=l 

T k , n — (ofc+pn — a k a n ) — (afc+p( n _i) — a k a n _\) 

— (flfc+pn. — 0-k+p{n-l)) ~ ^k(o,n ~ &n-l) 

* / 2 i + 2pn\ 3 / A_\ t+pn _ ( A 
^ \ i + pn ) V64 ' ' ^ 



-p+k+l 




Using the condition that < k < p, we notice that ( 2 *+ 2 ^ n ) = (mod p) if — p + k 
1 < % < 0. Simplifying modulo p 2 , these terms disappear and we can factor. 



i=0 



2i + 2pn\ 3 ( A \ pn /2n\ 3 ( A \ n {2i\ 3 \ ( A 



2^ 



The factor ( 2 *+ 2 ^ n ) 3 niay be rewritten as r^i+^rf)"' 1 ( 2 ") 3 ; where T p is the p-adic 
gamma function (see Chapter 11 p2|). Let T fc n = (^)™ ( 2 ™) 3 £4,n (mod p 2 ), where 

* / f -T p (l + 2i + 2pn)* \ f\\ {p ~ 1)n _ (2i\ 3 \ f X\ ' 

15 



To simplify the p-adic gamma function modulo p 2 , we expand T p in terms of factorials 
and harmonic sums H n = Y^7=i ~- (By convention, H = 0.) We also use the congru- 
ence, for p > 3, that H v -\ = (modp). (Wolstenholme has shown this congruence 
holds modulo p 2 , though we only need modulo p.) 

n-l 

T p (l + i + pn) r = (-I^+p^H^I + pnrHi) JJ(p - l)! r (l + pjrH p ^) (mod p 2 ) 

3=0 

_ (_l)(l+*+Pn)r i jr^ 1 + pnrHl )(-l) nr (mod p 2 ) 
_ (_1)(1-H)r i jr( 1 + pnr #.) ( mod p 2) 

Plugging this into U^ n , we have 



- ( ' {2i)\\l + QpnH 2l ) \ f\\ ^ 1)n _ /2z\ 3 \ / A_N ? 



- e ( 2 ;) 3 (s)' ( (i + 6pn( ^ - (s) """" - •) (mod p2) 



Using 1)n =(l+p ( ( " > ' — ) ) 51 + pn ( ( «« ) ' ' ' ) (mod p 



2^ 



fc /n \ 3 / x \ i / / / A XP- 1 



P 



- p" E (!) (s) ' ( 6(ff * - Hi) + ( ( " } P - ) ) < mod f 2 ' 

So T fc „ = P^( 2 ") 3 (^) n ^A; (mod p 2 ). Combining this congruence with the telescop- 

n 

ing sum ak+ pn — &k&n = ^2 T^i completes the proof of the lemma. 

i=i 

Using this lemma, we show the equivalence of Theorem [2] and Corollary [3j 

Proof of Corollary [31 We consider T k , n with k = ^ and n — 1. By defini- 
tion, Tp-i i = 3p-i — a^iaw; we can rewrite this, modulo p 2 , as P3 P -i (yl — A) 2 — 

2 ' 2 2 2 2 

Pp-i (a/1 — A) 2 P3-i (y/1 — A) 2 . Since the sequence Pn-i (y 7 ! — A) satisfies ASD con- 
gruences, we know that T P -i 1 = (modp). However, Theorem |2] is precisely the 
information we need to conclude that T P -i 1 = (mod p 2 ) whenever A is a CM value 
of E\ that embeds in Z p . 
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Thus, since 



4l" ©* (& (•<*»-*> + (^)) a 

we have the desired congruence bvz± = (mod p) whenever we have super congruences 
for a,p-i . 

2 
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